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We argue that the ΛCDM tensions of the Hubble-Lemaˆıtre expansion rate H0 and the clustering
normalization σ8 can be eased, at least in principle, by considering an interaction between dark
energy and dark matter in such a way to induce a small and positive early effective equation of
state and a weaker gravity. For a dark energy scalar field φ interacting with dark matter through an
exchange of both energy and momentum, we derive a general form of the Lagrangian allowing for
the presence of scaling solutions. In a subclass of such interacting theories, we show the existence
of a scaling φ-matter-dominated-era (φMDE) which can potentially alleviate the H0 tension by
generating an effective high-redshift equation of state. We also study the evolution of perturbations
for a model with φMDE followed by cosmic acceleration and find that the effective gravitational
coupling relevant to the linear growth of large-scale structures can be smaller than the Newton
gravitational constant G at low redshifts. The momentum exchange between dark energy and dark
matter plays a crucial role for realizing weak gravity, while the energy transfer is also required for
the existence of φMDE.
I. INTRODUCTION
Testing gravitational interactions with cosmological and astrophysical observations is one of the most interesting
area of current research. Several large-scale surveys that will contribute to this task are underway or planned for
the next few years [1–6]. If there is a deviation from Einstein gravity, then new observable phenomena are expected
to appear, including stronger or weaker gravitational clustering and lensing, scale-dependent perturbation growth,
screening of fifth forces, breaking of the equivalence principle, anomalous propagation of gravitational waves, and so
on.
In order to predict these new effects, one often analyses the most general gravity theories with second-order equations
of motion–like scalar-tensor [7–12], vector-tensor [13–16], massive gravity [17, 18] or, alternatively, proceeds by building
effective Lagrangians that include all possible viable operators [19–23]. These approaches have the great virtue of being
systematic, but they rapidly lead to a proliferation of operators that make difficult to extract definite predictions.
The gravitational-wave event GW170817 [24], together with its electromagnetic counterpart [25], put additional
constraints on the allowed Lagrangian [26–31], but there is still degeneracy among different dark energy models. This
is partly attributed to the fact that, for the theories in which the speed of gravity is equivalent to that of light, the
effective gravitational coupling for cold-dark-matter (CDM) density perturbations is usually larger than the Newton
gravitational constant G in both scalar-tensor and vector-tensor theories [32–34].
In this paper, we proceed in a different way as compared to the theoretical approach mentioned above. We begin
by identifying which are the physical effects we are interested in, and then build a general model that is expected to
generate them. The physical effects we consider are motivated by the two most interesting discrepancies between the
ΛCDM model and current observations, namely the H0 and σ8 tensions. Here, H0 = 100h km s
−1 Mpc−1 is today’s
Hubble-Lemaˆıtre expansion rate and σ8 is the amplitude of matter perturbations within the comoving 8h
−1 scale.
As is well-known, the H0 tension arises because the estimate of H0 from Cosmic Microwave Background (CMB)
temperature anisotropies [35] differs by more than 3σ from the one based on its local measurements [6]. While there
remains the possibility that this tension is due to unknown or uncontrolled systematic effects, the problem has been
confirmed and exacerbated in recent observations [36–39]. Similarly, the σ8 tension, which is weaker than the H0
tension, is due to the difference between the clustering normalization obtained from CMB and the one from shear
lensing analyses [40, 41], where the former favours values of σ8 larger than the latter. In both cases, the CMB estimate
depends on assuming ΛCDM as a model of dark energy and dark matter. It is therefore natural to ask whether a
suitable modification of the dark sector can lead to a better agreement with the data.
One way to reconcile, at least potentially, H0 CMB results [35] with a higher local value [6], is to modify the evolution
of the Universe between matter-radiation equality and cosmic acceleration, so that the effective early equation of
state is slightly positive. In this case, one can show that the CMB acoustic peaks move to smaller angular scales,
and therefore a higher H0 is needed to bring the model back to agreement with observations (although of course a
full likelihood analysis is needed to assess the valid parameter space). One way to achieve this without altering the
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2physical properties of matter is to couple dark matter to dark energy in such a way that a matter-dominated epoch
with a small fraction of dark energy is present. Indeed, for a canonical scalar-field dark energy model interacting
with dark matter through the energy transfer characterized by a coupling constant Q [42, 43], there exists a scaling
φ-matter-dominated-era (φMDE) during which the field density parameter Ωφ is constant (Ωφ = 2Q
2/3) [43]. During
the φMDE the scalar-field kinetic energy dominates over its potential energy, yielding a field equation of state wφ = 1.
In this case, a small and positive effective equation of state arises, such that weff = wφΩφ = Ωφ. A comparison with
cosmological datasets has put upper limits to Q [44, 45].
In the models of Refs. [42, 43], the dark energy scalar field φ interacts with CDM (but not baryons) via a conformal
rescaling of the metric. This type of couplings arises in Brans-Dicke theories [46] after a conformal transformation to
the Einstein frame [47–49]. In the language of Schutz-Sorkin action [50, 51] describing CDM as a perfect fluid, the
interacting Lagrangian for the models of Refs. [42, 43] is of the form Lint = (e
Qφ/Mpl − 1)ρm [52], where ρm is the
CDM density and Mpl is the reduced Planck mass. Reflecting the fact that this interaction corresponds to the energy
transfer, the effective gravitational coupling Geff associated with the linear evolution of CDM perturbations is larger
than G, such that Geff = (1 + 2Q
2)G [53].
One problem for the models with Geff > G is that the attractive gravitational force induced by the coupling
increases the cosmic growth rate, which makes the σ8 tension worse. Ideally, one would need a coupling such that
the φMDE is accompanied or followed by weaker growth of matter perturbations. An effective gravitational coupling
smaller than G can be achieved for a model in which the scalar field φ interacts with CDM through a momentum
transfer [54–63]. This type of interaction is based on the field derivative coupling with the CDM four velocity uµ
and it can be quantified by the scalar combination Z = uµ∇µφ, where ∇µ is the covariant derivative operator. In
previous works, it was shown that the interacting Lagrangian such as Lint ∝ Z2 [54, 59] or Lint ∝ X1−n/2Zn [64],
where X = −∇µφ∇µφ/2 and n > 0, can realize Geff < G for the theories without energy transfer (i.e., Q = 0 for the
notation used above).
In the Schutz-Sorkin action approach, it is straightforward to accommodate both energy and momentum couplings
between perfect-fluid dark matter and scalar-field dark energy. For the CDM density ρm that depends on its number
density n, the interacting action may be expressed in the form,
Sint =
∫
d4x
√−g [−f1(φ,X,Z)ρm(n) + f2(φ,X,Z)] , (1.1)
where g is the determinant of metric tensor gµν , and f1, f2 are functions of φ, X, Z. The first and second terms in the
square bracket of Eq. (1.1) characterize the energy and momentum transfers, respectively. Unlike the other models
in which phenomenological coupling terms are added to the background equations by hand [65–81], the evolution of
cosmological perturbations is unambiguously fixed in our interacting theory with the explicit action (1.1).
The preceding discussion makes it clear that we need both scaling φMDE and weak gravity to alleviate the H0
and σ8 tensions. As it will be demonstrated in this work, these requirements can be satisfied when both energy and
momentum exchanges occur between dark energy and CDM. For this purpose, we first derive a general interacting
Lagrangian for the existence of scaling solutions. For simplicity, we assume Einstein gravity with the scalar interacting
action (1.1) and the Schutz-Sorkin action for CDM, while we leave baryons and radiation uncoupled. In this case,
there is no difference for the propagation of gravitational waves in comparison to general relativity and no screening
mechanism is needed. We note that the function f2 in Eq. (1.1) also accommodates the scaling Lagrangian derived
for k-essence with the functional dependence f2(φ,X) [82–84].
After obtaining the general scaling Lagrangian, we consider a subclass of models with φMDE and show that it is
possible to realize Geff < G at low redshifts even in the presence of both energy and momentum transfers. The hope
is that such interacting models can really ease both the H0 and σ8 tensions. We leave however the task of a full
likelihood analysis with the current observational data for a future work.
II. COUPLED DARK ENERGY WITH A LAGRANGIAN FORMULATION
We consider a dark energy scalar field φ coupled to a barotropic perfect fluid described by a Schutz-Sorkin action
[50, 51]. The interacting Lagrangian is generally given by the form L(n, φ,X,Z) [54], where L is a function of the fluid
number density n, the scalar field φ and its kinetic energy X = −gµν∇µφ∇νφ/2, and Z = uµ∇µφ, with uµ being the
fluid four velocity. We separate the interacting Lagrangian L into the sums of energy transfer −f1(φ,X,Z)ρm(n) and
momentum transfer f2(φ,X,Z), where ρm is the fluid density that depends on n. For CDM, the density has the linear
dependence ρm ∝ n. For the gravity sector, we consider the Einstein-Hilbert action described by the Lagrangian
(M2pl/2)R, where R is the Ricci scalar.
3The total action is then given by
S =
∫
d4x
√−g M
2
pl
2
R−
∫
d4x
[√−g ρm(n) + Jµ∂µ`]+ ∫ d4x√−g L(n, φ,X,Z) , (2.1)
where
L(n, φ,X,Z) = −f1(φ,X,Z)ρm(n) + f2(φ,X,Z) . (2.2)
The second integral in Eq. (2.1) corresponds to the Schutz-Sorkin action, where n is related to the vector field Jµ, as
n =
√
gµνJµJν
g
. (2.3)
Unlike Refs. [15, 16], we do not take vector perturbations into account in the Schutz-Sorkin action, as they are
nondynamical in scalar-tensor theories. The fluid four-velocity uµ is defined by
uµ ≡ Jµ
n
√−g , (2.4)
which satisfies the relation uµuµ = −1. The scalar quantity Z is expressed as Z = gµνJµ∇νφ/(n√−g), while the scalar
variable ` is a Lagrange multiplier. Since we are not modifying the Einstein-Hilbert action from general relativity,
the speed of gravitational waves is equivalent to that of light.
Varying the action (2.1) with respect to `, it follows that
∂µJ
µ = 0 . (2.5)
The fluid pressure is given by [15, 16, 54–56]
Pm = nρm,n − ρm . (2.6)
Substituting Jµ = n
√−g uµ into Eq. (2.5) and exploiting the properties ∂µ(√−guµ) = √−g∇µuµ and (ρm+Pm)∂µn =
n∂µρm, we obtain
uµ∂µρm + (ρm + Pm)∇µuµ = 0 . (2.7)
Variation of the action (2.1) with respect to Jµ leads to
∂µ` = uµ (1 + f1) ρm,n − f1,Zρm − f2,Z
n
(∇µφ+ Zuµ) , (2.8)
where we used the relation ∂n/∂Jµ = Jµ/(ng) and the notations ρm,n ≡ ∂ρm/∂n and fi,Z ≡ ∂fi/∂Z with i = 1, 2.
For the variation of action (2.1) with respect to gµν , we employ the following properties,
δ
√−g = −1
2
√−g gµνδgµν , (2.9)
δn =
n
2
(gµν − uµuν) δgµν , (2.10)
δX = −1
2
∇µφ∇νφ δgµν , (2.11)
δZ =
(
1
2
Zuµuν + uµ∇νφ
)
δgµν , (2.12)
δ(Jµ∂µ`) = δ(g
µνJµ∂ν`) = Jµ∂ν` δg
µν . (2.13)
When the action is varied with respect to gµν , we need to keep Jµ fixed to reproduce the standard matter energy-
momentum tensor. Therefore, the vector Jµ should not be replaced with n
√−g uµ when varying the action. Then,
we obtain the following covariant equations of motion,
M2plGµν = (1 + f1)T
(m)
µν + T
(φ)
µν , (2.14)
4where Gµν is the Einstein tensor, and
T (m)µν = (ρm + Pm)uµuν + Pmgµν , (2.15)
T (φ)µν = f2gµν − ρm (f1,X∇µφ∇νφ+ f1,ZZuµuν) + f2,X∇µφ∇νφ+ f2,ZZuµuν . (2.16)
The matter energy-momentum tensor (2.15) satisfies the continuity equation,
uν∇µT (m)µν = − [uµ∂µρm + (ρm + Pm)∇µuµ] = 0 , (2.17)
where we used Eq. (2.7) in the second equality. Taking the covariant derivative of Eq. (2.14), we obtain
(1 + f1)∇µT (m)µν + T (m)µν ∇µf1 +∇µT (φ)µν = 0 . (2.18)
Multiplying Eq. (2.18) by uν and using the property (2.17), we find
uν∇µT (φ)µν = −uν∇µf1 T (m)µν . (2.19)
We define the effective matter energy-momentum tensor,
Tˆ (m)µν ≡ (1 + f1)T (m)µν , (2.20)
which contains the effect of energy exchange between the scalar field and matter. This quantity obeys
uν∇µTˆ (m)µν = +uν∇µf1 T (m)µν . (2.21)
The signs on the right hand sides of Eqs. (2.19) and (2.21) are opposite to each other, which shows the energy exchange
between the scalar field and matter. The coupling f2, which corresponds to the momentum transfer, does not appear
on the right hand sides of Eqs. (2.19) and (2.21). However, the momentum transfer between the scalar field and
matter occurs through Eq. (2.18).
Let us consider the flat Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) background given by the line element
ds2 = −dt2+a2(t)δijdxidxj , where a(t) is the time-dependent scale factor. On this background we have uµ = (1, 0, 0, 0)
and ∇µuµ = 3H, where H = a˙/a is the Hubble-Lemaˆıtre expansion rate and a dot represents a derivative with respect
to the cosmic time t. From Eq. (2.7), we obtain
ρ˙m + 3H (ρm + Pm) = 0 , (2.22)
which corresponds to the conservation of total particle number N ≡ J0 = na3. From the (00) and (ii) components of
Einstein equations (2.14), it follows that
3M2plH
2 = (1 + f1) ρm + ρφ , (2.23)
M2pl
(
2H˙ + 3H2
)
= − (1 + f1)Pm − Pφ , (2.24)
where
ρφ ≡ −ρmf1,X φ˙2 − ρmf1,Z φ˙− f2 + f2,X φ˙2 + f2,Z φ˙ , (2.25)
Pφ ≡ f2 . (2.26)
From Eq. (2.20), we introduce the matter density and pressure containing the effect of energy transfer, as
ρˆm ≡ (1 + f1)ρm , Pˆm ≡ (1 + f1)Pm . (2.27)
From Eqs. (2.19) and (2.21), we have
ρ˙φ + 3H (ρφ + Pφ) = −f˙1ρm , (2.28)
˙ˆρm + 3H
(
ρˆm + Pˆm
)
= +f˙1ρm , (2.29)
whose right hand sides explicitly show the energy exchange between the scalar field and matter.
For later convenience, we introduce the time-dependent density parameters,
Ωm ≡ (1 + f1)ρm
3M2plH
2
, Ωφ ≡ ρφ
3M2plH
2
. (2.30)
5The form of matter is not specified until the end of Sec. IV, after which we take CDM, baryons, and radiation into
account as perfect fluids. From Eq. (2.23), it follows that
Ωm + Ωφ = 1 . (2.31)
We also define the equations of state,
wm ≡ Pˆm
ρˆm
=
Pm
ρm
, wφ ≡ Pφ
ρφ
, (2.32)
as well as the effective equation of state,
weff ≡ wmΩm + wφΩφ = −1− 2H˙
3H2
. (2.33)
The condition for cosmic acceleration to occur corresponds to weff < −1/3.
III. SCALING LAGRANGIAN
In this section, we derive the Lagrangian L allowing for the existence of scaling solutions characterized by non-
vanishing constants Ωm and Ωφ. Notice that we are not requiring that the entire cosmic evolution has the scaling
behavior, but just that scaling epochs exist. Since (1 +f1)ρm ∝ H2 and ρφ ∝ H2 in the scaling regime, it follows that
f˙1
H(1 + f1)
= −3 (weff − wm) , (3.1)
ρ˙φ
Hρφ
= −3(1 + weff) , (3.2)
where we used Eq. (2.22). We will consider the case in which weff , wm, and wφ are constant along the scaling solution.
Then, all the terms in Eq. (2.24) are proportional to H2. Since ρφ ∝ Pφ ∝ H2, each term on the left hand side of
Eq. (2.28) is proportional to H3. On using Eq. (3.1), there is also the dependence f˙1ρm ∝ H(1 + f1)ρm ∝ H3, so the
scaling solution is consistent with Eq. (2.28) as well.
If we consider a canonical scalar field given by the Lagrangian f2(φ,X) = X − V (φ), the field density ρφ contains
the kinetic energy φ˙2/2. In this case, the scaling solution satisfies the relation φ˙ ∝ H. To accommodate this model
as a special case, we will derive the Lagrangian allowing for scaling solutions characterized by
φ˙
HMpl
= α , (3.3)
where α is a dimensionless constant. Then, the time derivative of f1(φ,X,Z) yields
f˙1 = H
[
αMplf1,φ − 3(1 + weff)
(
Xf1,X +
1
2
Zf1,Z
)]
. (3.4)
Substituting Eq. (3.4) into Eq. (3.1), we obtain the partial differential equation,
Xf1,X +
1
2
Zf1,Z − 1
λ
Mplf1,φ +
Q
λ
(1 + f1) = 0 , (3.5)
where
λ ≡ 3(1 + weff)
α
, Q ≡ −3(weff − wm)
α
. (3.6)
The integrated solution to Eq. (3.5) is given by
f1 = e
Qφ/Mplg1 (Y1, Y2)− 1 , (3.7)
where g1 is an arbitrary function of
Y1 = Xe
λφ/Mpl , Y2 = Ze
λφ/(2Mpl) . (3.8)
6Along the scaling solution, φ, a, and H evolve, respectively, as
φ = φ0 + αMpl ln a , a ∝ (t− t0)2/[3(1+weff )] , H = 2
3(1 + weff)(t− t0) , (3.9)
where φ0 and t0 are constants. This shows that both Y1 and Y2 remain constant in the scaling regime. One can also
show that both ρmf1,X φ˙
2 and ρmf1,Z φ˙ in ρφ are proportional to H
2, so all the terms in Eq. (2.23) associated with
the coupling f1 obey the scaling relation. In other words, each term in ρφ arising from f1 satisfies the same relation
as Eq. (3.2).
The coupling f2, which is equivalent to Pφ and is also present as one of the terms in ρφ, should satisfy the scaling
property f2 ∝ H2. This translates to the relation f˙2/(Hf2) = −3(1 +weff) and hence f2 obeys the partial differential
equation,
Xf2,X +
1
2
Zf2,Z − 1
λ
Mplf2,φ − f2 = 0 . (3.10)
This is integrated to give
f2 = Xg2(Y1, Y2) , (3.11)
where g2 is an arbitrary function of Y1 and Y2. On using the property that Y1 and Y2 are constant along the scaling
solution, both f2,X φ˙
2 and f2,Z φ˙ in ρφ are proportional to H
2.
In summary, the Lagrangian allowing for the existence of scaling solutions is given by
L = −
[
eQφ/Mplg1 (Y1, Y2)− 1
]
ρm(n) +Xg2(Y1, Y2) , (3.12)
which contains arbitrary functions g1 and g2 with respect to Y1 and Y2. For the choice g1(Y1, Y2) = 1, the coupling f1
corresponds to the one studied in Refs. [52, 62], i.e., f1 = e
Qφ/Mpl−1, where the constant Q characterizes the strength
of energy exchange. For k-essence theories with f2 = f2(φ,X), the scaling Lagrangian reduces to f2 = Xg2(Y1), which
agrees with that derived in Refs. [82–84]. The Z dependence in f1 and f2 gives rise to the additional Y2 dependence
in the functions g1 and g2.
IV. FIXED POINTS
We derive the fixed points for interacting theories given by the action (2.1) with the scaling Lagrangian (3.12). In
doing so, we introduce the following dimensionless variables,
x ≡ φ˙√
6HMpl
, y ≡ Mple
−λφ/(2Mpl)
√
3H
. (4.1)
Then, the background values of Y1 and Y2 are expressed, respectively, as
Y1 =
x2
y2
M4pl , Y2 =
√
2x
y
M2pl , (4.2)
and hence Y1 = Y
2
2 /2. It is also convenient to define
φ ≡ φ¨
Hφ˙
, ξ ≡ H˙
H2
. (4.3)
Then, the variables x and y obey the differential equations,
x′ = x (φ − ξ) , (4.4)
y′ = −y
(√
6
2
λx+ ξ
)
, (4.5)
where a prime denotes a derivative with respect to N = ln a. On using Eqs. (2.23)-(2.28), it follows that
φ =
f1,φρm − f2,φ + 3H(f1,X φ˙+ f1,Z)Pm + 3H(f2,X φ˙+ f2,Z)− (f1,Xφρm − f2,Xφ)φ˙2 − (f1,Zφρm − f2,Zφ)φ˙
[f1,Xρm − f2,X + (f1,XXρm − f2,XX)φ˙2 + 2(f1,XZρm − f2,XZ)φ˙+ f1,ZZρm − f2,ZZ ]Hφ˙
, (4.6)
ξ =
(f1,X φ˙+ f1,Z)φ˙ρm − (f2,X φ˙+ f2,Z)φ˙− (1 + f1)(ρm + Pm)
2H2M2pl
. (4.7)
7For the theories given by the functions (3.7) and (3.11), the quantities Ωφ, wφ, and weff are expressed as
Ωφ =
g1x
2(g2 + 2Y1g2,Y1 + Y2g2,Y2)− 2Y1g1,Y1 − Y2g1,Y2
g1 − 2Y1g1,Y1 − Y2g1,Y2
= 1− Ωm , (4.8)
wφ =
g2x
2
Ωφ
, (4.9)
weff = g2x
2 + wmΩm . (4.10)
In Appendix, we will present the autonomous equations for the scaling Lagrangian (3.12) with f1 and f2 given by
Eqs. (3.7) and (3.11), respectively.
The fixed points of the above dynamical system are characterized by constant values of x and y, which we denote
xc and yc, respectively. The scaling fixed point corresponds to xc 6= 0 and yc 6= 0, so it should satisfy
φ = ξ , (4.11)
ξ = −
√
6
2
λxc . (4.12)
From Eq. (4.12), we have
g2,Y2 =
√
6λg1xc − 3(1− Ωφ)[(1 + wm)g1 − 2Y1g1,Y1 − Y2g1,Y2 ]− 6g1x2c(g2 + Y1g2,Y1)
3g1x2cY2
. (4.13)
Substituting this relation into Eq. (4.8) and solving it for Ωφ, we obtain
Ωφ = 1 +
3(1 + g2x
2
c)−
√
6λxc
3wm
. (4.14)
By using Eqs. (4.11) and (4.13) with Eq. (4.8), it follows that
(g1 − 2Y1g1,Y1 − Y2g1,Y2)
[
2(Q+ λ)xc −
√
6(1 + wm)
] [
3(1 + g2x
2
c)−
√
6λxc
]
= 0 . (4.15)
Provided that g1 is different from the specific form g1 =
√
Y1 F (Y2/
√
Y1), where F is a function of Y2/
√
Y1, we have
g1 − 2Y1g1,Y1 − Y2g1,Y2 6= 0. Then, there are two fixed points satisfying Eq. (4.15): (a) scaling solution, and (b)
scalar-field dominated point. In the following, we discuss the properties of them in turn.
A. Scaling solution (a)
The scaling fixed point corresponds to
xc =
√
6(1 + wm)
2(Q+ λ)
. (4.16)
Substituting Eq. (4.16) into Eqs. (4.14), (4.9), and (4.10), we obtain
Ωφ =
[2Q(Q+ λ) + 3(1 + wm)g2](1 + wm)
2wm(Q+ λ)2
, (4.17)
wφ =
3wm(1 + wm)g2
3(1 + wm)g2 + 2Q(Q+ λ)
, (4.18)
weff =
wmλ−Q
Q+ λ
. (4.19)
Due to the constancy of g2(Y1, Y2) along the scaling solution, the quantities (4.17)-(4.19) do not vary in time. In the
limit that Q→ 0, both wφ and weff reduce to wm. In this case, the density of scalar field scales in the same manner
as that of matter. The existence of nonvanishing coupling Q leads wφ and weff being different from wm.
Instead of using g2 in Eq. (4.17), it is possible to express Ωφ in terms of f2,X , g2,Y2 as well as g1 and its derivatives
with respect to Y1 and Y2. In doing so, we substitute Eq. (4.14) and the relation g2,Y1 = (f2,X−g2)/Y1 into Eq. (4.13)
and solve it for g2. Eliminating the term g2 from Eq. (4.17), we obtain
Ωφ =
[2Q(Q+ λ) + 3(1 + wm)(2f2,X + Y2g2,Y2)](1 + wm)g1 − 2(Q+ λ)2(2Y1g1,Y1 + Y2g1,Y2)
2(Q+ λ)2[(1 + wm)g1 − 2Y1g1,Y1 − Y2g1,Y2 ]
. (4.20)
8If g1 depends on neither Y1 nor Y2, we have Ωφ = [2Q(Q+λ) + 3(1 +wm)(2f2,X + Y2g2,Y2)]/[2(Q+λ)
2]. In k-essence
where g2 depends on Y1 alone, the field density parameter further reduces to Ωφ = [Q(Q+λ)+3(1+wm)f2,X ]/(Q+λ)
2.
This coincides with the result derived in Refs. [84, 85]. In quintessence (f2 = X−V (φ)) with the exponential potential
V (φ) = V0e
−λφ/Mpl , i.e., the choice g2 = 1−V0/Y1, we reproduce the value Ωφ = 3(1 +wm)/λ2 for Q = 0 [86]. In this
case, the scaling radiation and matter eras in which Ωφ is subdominant to Ωm can be realized for |λ|  1 [87, 88].
The field density parameter (4.20) contains the dependence of both Y1 and Y2 in the functions g1 and g2, so it is
the generalization of scaling solutions already known in literature. However, the effective equation of state (4.19) is
not subject to modifications compared to that derived in Refs. [43, 84, 85]. For |λ|  1 and |Q| < O(1), weff is close
to wm. In this case, the scaling solution with Ωφ  1 can be used during the radiation or matter eras. For |Q| larger
than the order of |λ|, it is possible for the scaling solution to satisfy the condition of cosmic acceleration (weff < −1/3).
However, the coupling |Q| is typically constrained to be smaller than 0.1 for the consistency with CMB measurements
[45], in which case the realization of scaling accelerated attractor with Ωφ ' 0.7 is difficult [84]. For |Q| < O(0.1)
and |λ| < O(1), the fixed point relevant to late-time cosmic acceleration is the scalar-field dominated point discussed
later in Sec. IV B.
B. Scalar-field dominated point (b)
From Eq. (4.15), there exists the other fixed point satisfying
g2 =
√
6λxc − 3
3x2c
. (4.21)
Then, from Eqs. (4.9), (4.10), and (4.14), we have
Ωφ = 1 , (4.22)
weff = wφ = −1 +
√
6λxc
3
. (4.23)
This scalar-field dominated point can be responsible for the late-time cosmic acceleration under the condition
λxc <
√
6
3
. (4.24)
From Eq. (4.13), there is also the following relation
g2 + Y1g2,Y1 +
1
2
Y2g2,Y2 =
λ√
6xc
. (4.25)
For a given function g2(Y1, Y2), the values of xc and yc at the scalar-field dominated point are obtained by solving
Eqs. (4.21) and (4.25) together with the relations given in Eq. (4.2). On using Eq. (4.25), we can express Eq. (4.23)
in the form
weff = wφ = −1 + 2λ
2
3(2f2,X + Y2g2,Y2)
, (4.26)
where f2,X = g2 + Y1g2,Y1 . In k-essence without the Y2 dependence in g2, we recover the value weff = wφ =
−1 + λ2/(3f2,X) derived in Refs. [84, 85]. From Eq. (4.26), we find that, for λ closer to 0, weff and wφ approach −1.
C. Kinetic fixed points
Let us derive other fixed points for the dynamical system given by Eqs. (4.4)-(4.5). The φMDE corresponds to the
scaling solution with kinetic domination satisfying
yc = 0 . (4.27)
Since the quantities Y1 and Y2 diverge at yc = 0, the functions g1 and g2 should take the following forms to avoid the
divergence of background equations,
g1(Y1, Y2) = b0 +
∑
i>0
(
biY
−i
1 + b˜iY
−i
2
)
+ 21−m/2µ
Y m2
Y
m/2
1
+
∑
i>0,j<2i
µi
Y j2
Y i1
, (4.28)
g2(Y1, Y2) = c0 +
∑
i>0
(
ciY
−i
1 + c˜iY
−i
2
)
+ 21−m/2β
Y m2
Y
m/2
1
+
∑
i>0,j<2i
βi
Y j2
Y i1
, (4.29)
9where b0, bi, b˜i, µ, µi, c0, ci, c˜i, β, βi, and m are constants. Due to the relation Y1 = Y
2
2 /2 at the background level,
the third terms on the right hand sides of Eqs. (4.28) and (4.29) are constant. The last terms in Eqs. (4.28) and (4.29)
do not diverge for i > 0 and j < 2i.
In the following, we will set c0 = 1 without loss of generality. We substitute Eqs. (4.28)-(4.29) and their Y1, Y2
derivatives into Eq. (4.8)-(4.10), use the relations (4.2), and finally take the limit y → 0. This process leads to
Ωφ = qsx
2 = 1− Ωm , (4.30)
wφ = 1 , (4.31)
weff = wm − (wm − 1)qsx2 , (4.32)
where
qs ≡ 1 + 2β . (4.33)
The autonomous Eq. (4.4) reduces to
x′ = − 1
2qs
[
3qs(wm − 1)x−
√
6Q
] (
qsx
2 − 1) , (4.34)
while Eq. (4.5) is automatically satisfied. We note that the constants appearing in the expression of g1(Y1, Y2)
in Eq. (4.28) do not affect Eq. (4.34). It is also interesting to observe that, for wm = 0, there is the relation
weff = Ωφ = qsx
2. Indeed, this relation holds in all the kinetic scaling solutions identified so far, see, for instance,
Refs. [52, 84, 89, 90]. It is this phase that induces a small and positive effective equation of state that can help
alleviating the H0 tension. On the other hand, this implies that a kinetic scaling solution associated with the matter
dominance will be strongly constrained by CMB observations of the distance to last scattering. Leaving aside the H0
tension, one possibility to implement weff = 0, and therefore to ease CMB distance constraints, would be to introduce
a non-vanishing wm = Ωφ/(Ωφ − 1). This possibility is not pursued here but left for future work.
From Eq. (4.34), there are the following fixed points.
1. φMDE (c)
The φMDE corresponds to one of the solutions to Eq. (4.34), i.e.,
xc =
√
6Q
3qs(wm − 1) . (4.35)
From Eqs. (4.30) and (4.32), we obtain
Ωφ =
2Q2
3qs(wm − 1)2 = 1− Ωm , (4.36)
weff = wm − 2Q
2
3qs(wm − 1) . (4.37)
This means that the φMDE is a scaling solution besides the fixed point (a). For nonrelativistic matter (wm = 0), it
follows that Ωφ = weff = 2Q
2/(3qs). The standard matter-dominated epoch with Ωφ = weff = 0 is modified by the
nonvanishing coupling Q. In comparison to theories with the coupling Q alone, the coupling β gives the additional
contribution to xc, Ωφ, and weff .
2. Purely kinetic solutions (d1), (d2)
The other solution to Eq. (4.34) corresponds to purely kinetic points (d1), (d2) satisfying
xc = ± 1√
qs
, (4.38)
whose existence requires that qs > 0. From Eqs. (4.30) and (4.32), we have
Ωφ = 1 , weff = 1 . (4.39)
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The points (d1), (d2) are not relevant to radiation/matter eras or the epoch of cosmic acceleration.
In summary, the fixed points relevant to the cosmological evolution after radiation-matter equality are the φMDE
(c) and the scalar-field dominated point (b). The coupling Q associated with the energy transfer is crucially required
for the existence of φMDE. The coupling β associated with the momentum transfer also affects the values of Ωφ and
weff on the φMDE.
V. BACKGROUND COSMOLOGY FOR A MODEL WITH φMDE
In this section, we study the background cosmological dynamics for the model with
g1(Y1, Y2) = 1 , (5.1)
g2(Y1, Y2) = 1− V0
Y1
+ 21−m/2β
Y m2
Y
m/2
1
, (5.2)
where V0 is a positive constant. Although this is a simple model, it contains nevertheless all the new phenomenology
we wish to consider. We consider the coupling only between the scalar field and CDM, where the CDM density
ρc depends on its number density nc. The interacting model given by Eqs. (5.1)-(5.2) belongs to a subclass of the
functions (4.28) and (4.29), so the φMDE is present besides the other fixed points derived in Sec. IV. In this case, the
Lagrangian (2.2) is given by
L = −
(
eQφ/Mpl − 1
)
ρc(nc) +X − V0e−λφ/Mpl + β (2X)1−m/2 Zm . (5.3)
The canonical scalar field φ with the potential V (φ) = V0e
−λφ/Mpl interacts with CDM through the energy-transfer
− (eQφ/Mpl − 1) ρc(nc) and the momentum-transfer β (2X)1−m/2 Zm. Without the coupling Q, the interactions of the
forms Z2 [54, 59, 63] or Zn [61, 64] were already studied in the literature. In the following, we are going to investigate
the cosmological dynamics in the presence of the two nonvanishing coupling constants Q and β.
Besides CDM with the vanishing pressure (Pc = 0), we also take baryons (energy density ρb with vanishing pressure)
and radiation (energy density ρr and pressure Pr = ρr/3) into account to study the dynamics of background cosmology
from the radiation era. Neither baryons nor radiation are assumed to be coupled to the scalar field.
Defining the variable x as in Eq. (4.1), the dimensionless scalar field φ˜ ≡ φ/Mpl obeys the differential equation,
φ˜′ =
√
6x . (5.4)
Instead of the variable y defined in Eq. (4.1), we will use
y˜ ≡
√
V0
M2pl
y =
√
V0
3
e−λφ/(2Mpl)
MplH
. (5.5)
The density parameters of scalar field and matter components are given by
Ωφ = qsx
2 + y˜2 , Ωc =
eQφ/Mplρc
3M2plH
2
, Ωb =
ρb
3M2plH
2
, Ωr =
ρr
3M2plH
2
. (5.6)
As we will see in Sec. VI, the no-ghost condition of scalar-field perturbation requires that
qs = 1 + 2β > 0 . (5.7)
From Eq. (2.23), (2.24) and (2.28), we have
Ωc = 1− Ωφ − Ωb − Ωr , (5.8)
ξ = −3qsx2 − 3
2
Ωc − 3
2
Ωb − 2Ωr , (5.9)
φ = −3 +
√
6
2qsx
(
λy˜2 −QΩc
)
, (5.10)
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where we recall that ξ and φ are defined in Eq. (4.3). We can reduce the background equations to the following
autonomous system,
x′ =
1
2
x
(
6qsx
2 − 6 + 3Ωc + 3Ωb + 4Ωr
)
+
√
6
2qs
(
λy˜2 −QΩc
)
, (5.11)
y˜′ =
1
2
y˜
(
6qsx
2 −
√
6λx+ 3Ωc + 3Ωb + 4Ωr
)
, (5.12)
Ω′b = Ωb
(
6qsx
2 − 3 + 3Ωc + 3Ωb + 4Ωr
)
, (5.13)
Ω′r = Ωr
(
6qsx
2 − 4 + 3Ωc + 3Ωb + 4Ωr
)
. (5.14)
Notice that the background equations are independent of the power m. The scalar-field and effective equations of
state are given, respectively, by
wφ =
qsx
2 − y˜2
qsx2 + y˜2
, (5.15)
weff = −1 + 2qsx2 + Ωc + Ωb + 4
3
Ωr . (5.16)
Besides the scaling fixed point (a) derived in Sec. IV, there exist the following three fixed points (b), (c), and (e)
which are relevant to the dynamics of accelerated, matter, and radiation eras, respectively.
• Accelerated point (b)
xc =
λ√
6qs
, y˜c =
√
1− λ
2
6qs
, Ωb = 0 , Ωr = 0 , Ωφ = 1 , wφ = weff = −1 + λ
2
3qs
. (5.17)
• φMDE point (c)
xc = −
√
6Q
3qs
, y˜c = 0 , Ωb = 0 , Ωr = 0 , Ωφ = weff =
2Q2
3qs
, wφ = 1 . (5.18)
• Radiation point (e)
xc = 0 , y˜c = 0 , Ωb = 0 , Ωr = 1 , Ωφ = 0 , weff =
1
3
. (5.19)
The point (b) can drive a late-time cosmic acceleration under the condition weff < −1/3. This translates to
λ2 < 2qs . (5.20)
From Eq. (4.19), there is a possibility that the scaling solution (a) leads to the acceleration for |Q|  |λ|. As shown
in Ref. [84], however, such a large coupling |Q| is hardly compatible with the existence of φMDE (c) with Ωφ  1.
As we will also see below, if point (b) is stable, then point (a) is not. Hence we will focus on the case in which φMDE
is followed by point (b).
Besides point (e), there exist the scaling fixed points (f) and (g) given by
(f) xc =
2
√
6
3λ
, y˜c =
√
4qs
3λ2
, Ωb = 0 , Ωr = 1− 4qs
λ2
, Ωφ =
4qs
λ2
, wφ = weff =
1
3
, (5.21)
(g) xc = − 1√
6Q
, y˜c = 0 , Ωb = 0 , Ωr = 1− qs
2Q2
, Ωφ =
qs
6Q2
, wφ = 1 , weff =
1
3
, (5.22)
both of which can be potentially used for the radiation era. For point (f), however, Ωr is negative under the condition
(5.20). The point (g) can be responsible for the radiation era only for Q2  qs, which was exploited for the generation
of primordial dark matter halos in Ref. [91]. Unless some screening of fifth forces occurs after radiation-matter equality,
point (g) is not followed by φMDE with Ωφ  1. Hence we use neither (f) nor (g) for the fixed point of radiation era
in this paper. In other words, we consider the cosmological sequence of fixed points: (e) → (c) → (b).
The stability of fixed points is established by perturbing Eqs. (5.11)-(5.14) with the linear perturbations δx, δy˜,
δΩb, and δΩr. The signs of eigenvalues of 4×4 Jacobian matrices for these perturbations determine whether the fixed
points are stable or not [86, 88]. For points (e) and (c), some of the eigenvalues are positive, so they are not stable
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nodes. In other words, the φMDE (c), which is preceded by point (e), should eventually come to end to realize cosmic
acceleration. Provided that the condition (5.20) is satisfied, three of the eigenvalues for point (b) are negative. The
other eigenvalue is negative for
λ(λ+Q) < 3qs , (5.23)
under which point (b) is stable. On the other hand, the stability of point (a) requires that λ(λ+Q) > 3qs, which is
opposite to the inequality (5.23). This means that, under the condition (5.23), the φMDE is followed by point (b)
instead of point (a). We show a phase-space plot in Fig. 3 of Appendix to confirm the attractor property of point (b).
In Fig. 1, we plot the evolution of Ωφ, Ωc, Ωb, and Ωr (left) and x, y˜, wφ, and weff (right) for the model parameters
λ = 1, Q = 0.07, and β = 0.5. We observe that the radiation fixed point (e) is followed by the φMDE (c) with nearly
constant values Ωφ = weff ' 2Q2/(3qs). The field equation of state wφ during the φMDE is close to 1, whose property
is attributed to the kinetically driven evolution satisfying |x| ' √6|Q|/(3qs) y˜.
Since the model parameters λ and β used in Fig. 1 satisfy the two conditions (5.20) and (5.23), the solutions finally
approach the stable accelerated point (b) with the asymptotic values x = 0.204, y˜ = 0.957, and wφ = weff = −0.833.
They are in good agreement with the numerical results shown in the right panel. In this case, we observe that wφ
temporarily reaches the minimum around −1 at redshift z ' 1.3 and then it increases toward the asymptotic value
−0.833. This evolution of wφ is different from that for the model with Q = 0 where wφ is close to −1 during the
matter era and finally approaches −1+λ2/(3qs) [64]. Thus, the two models can be observationally distinguished from
each other.
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FIG. 1. (Left) Evolution of Ωφ, Ωc, Ωb, and Ωr versus z + 1 for λ = 1, Q = 0.07, and β = 0.5, where z = a0/a− 1 and a0 is
today’s value of a. The initial conditions are chosen to be x = 1.0×10−13, y˜ = 1.0×10−14, Ωb = 5.8×10−6, and Ωr = 0.999962
at redshift z = 8.3× 107. (Right) Evolution of x, y˜, wφ, and weff for the same model parameters and initial conditions as those
used in the left.
We note that the values of Ωφ and weff on the φMDE are reduced by the positive coupling β. The presence of
positive β also leads to the decreases of wφ and weff on the attractor point (b). For increasing β, the asymptotic value
of wφ gets closer to −1. Nevertheless, the early evolution of wφ is different from that in the ΛCDM model. It remains
to be seen whether the problem of H0 tension in the ΛCDM model can be alleviated in our interacting model with
Q 6= 0 and β 6= 0.
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VI. PERTURBATION DYNAMICS FOR A MODEL WITH φMDE
In this section, we study the evolution of linear scalar perturbations for the theory (2.1) with the interacting
Lagrangian (5.3). On the flat FLRW background, we consider the perturbed line element given by
ds2 = −(1 + 2α)dt2 + 2∂iχdtdxi + a2(t) [(1 + 2ζ)δij + 2∂i∂jE] dxidxj . (6.1)
The quantities α, χ, ζ, and E are scalar perturbations, which depend on both t and spatial coordinate xi. Here and
in the following, we use the notation ∂iχ = ∂χ/∂x
i. We do not take the tensor perturbation into account in Eq. (6.1),
but it propagates in the same manner as in standard general relativity. We decompose the scalar field φ into the
background part φ¯(t) and the perturbation δφ, as
φ = φ¯(t) + δφ(t, xi) , (6.2)
where we omit the bar from background quantities in the following.
For perfect fluids, we take CDM, baryons, and radiation into account labelled by I = c, b, r, respectively. From
Eq. (2.5), it follows that the number NI = nIa3 of each fluid is conserved at the background level. We express the
temporal and spatial components of JµI , respectively, as,
J0I = NI + δJI , J iI =
1
a2(t)
δik∂kδjI , (6.3)
where δJI and δjI are the scalar perturbations. The scalar velocity potential vI is related to the spatial component
of four velocity uIi = JIi/(nI
√−g), as
uIi = −∂ivI . (6.4)
Since JIi = J
0
I g0i + J
j
I gij = NI∂iχ+ ∂iδjI at linear order in perturbations, it follows that
∂iδjI = −NI (∂iχ+ ∂ivI) . (6.5)
On using Eq. (2.8), there is also the following relation
`c = −
∫ t [
1 + f1(t˜)
]
ρc,nc(t˜) dt˜− (1 + f1) ρc,ncvc +
f1,Zρc − f2,Z
nc
(
φ˙ vc − δφ
)
, (6.6)
up to first order in perturbations. On the other hand, the Lagrange multipliers `I for baryons and radiation are
`I = −
∫ t
ρI,nI (t˜) dt˜− ρI,nIvI , with I = b, r . (6.7)
The fluid density is given by ρI = ρI(t) + δρI(t, x
i), where the perturbed part is
δρI =
ρI,nI
a3
[
δJI −NI
(
3ζ + ∂2E
)]
, (6.8)
where ∂2E =
∑3
i=1 ∂
2
iE. In this case, we have
δnI =
δρI
ρI,nI
− NI(∂vI)
2
2a5
− (3ζ + ∂2E) δρI
ρI,nI
− NI(ζ + ∂
2E)(3ζ − ∂2E)
2a3
+O(ε3) , (6.9)
where (∂vI)
2 =
∑3
i=1(∂ivI)
2, and εn represents the n-th order of perturbations. We also introduce the sound speed
squared of each matter fluid, as
c2I =
nIρI,nInI
ρI,nI
. (6.10)
The quantities ρI(nI), X, and Z, when are expanded up to second order in perturbations, are given by
ρI(nI) = ρI + (ρI + PI)
δnI
nI
+
1
2
(ρI + PI) c
2
I
(
δnI
nI
)2
+O(ε3) , (6.11)
X =
1
2
φ˙2 + φ˙( ˙δφ− φ˙α) + 1
2
[
( ˙δφ− 2φ˙α)2 − 1
a2
(∂δφ+ φ˙∂χ)2
]
+O(ε3) , (6.12)
Z = φ˙+ ˙δφ− φ˙α+ 1
2a2
[
φ˙
{
3a2α2 − (∂iχ)2 + (∂ivc)2
}− 2a2α ˙δφ− 2∂iδφ(∂iχ+ ∂ivc)]+O(ε3) . (6.13)
14
In the following, we consider the case in which the equations of state and sound speed squares of both CDM and
baryons vanish, i.e.,
w2c = 0 , w
2
b = 0 , c
2
c = 0 , c
2
b = 0 . (6.14)
As in Refs. [62, 64], the linear perturbation equations of motion follow by expanding the action (2.1) up to quadratic
order. Alternatively, we can also derive them by using the covariant equations of motion (2.14), (2.17), and (2.18)
at first order. The explicit form of second-order action will be presented for a more general interacting Lagrangian
L(nc, φ,X,Z) as a future work [92]. Here, we show the perturbation equations for the interacting Lagrangian (5.3)
in a gauge-ready form. For this purpose, we introduce the following gauge-invariant quantities,
δφN = δφ+ φ˙
(
χ− a2E˙
)
, δρIN = δρI + ρ˙I
(
χ− a2E˙
)
, vIN = vI + χ− a2E˙ ,
Ψ = α+
d
dt
(
χ− a2E˙
)
, Φ = ζ +H
(
χ− a2E˙
)
, (6.15)
together with the dimensionless variables,
δIN =
δρIN
ρI
, δϕN =
H
φ˙
δφN , VIN = HvIN , K = k
aH
, (6.16)
where k is a comoving wavenumber.
In Fourier space, the full set of linear perturbation equations of motion is then given by
6qsx
2δϕ′N − 6Φ′ + 6
(
1− qsx2
)
(ξδϕN + Ψ)− 2K2Φ + 3 (3Ωc + 3Ωb + 4Ωr) δϕN
+3 (ΩcδcN + ΩbδbN + ΩrδrN) = 0 , (6.17)
Φ′ −Ψ− ξδϕN + 3
2
(
Ωc + 2mβx
2
)
(VcN − δϕN) + 3
2
Ωb (VbN − δϕN)
+2Ωr (VrN − δϕN) = 0 , (6.18)
δ′IN + 3
(
c2I − wI
)
δIN + (1 + wI)
(K2VIN + 3Φ′) = 0 , (for I = c, b, r), (6.19)(
Ωc + 2mβx
2
)
V ′cN −
[
ξ
(
Ωc + 2mβx
2
)− 2mβx2(3 + 2φ)−√6QxΩc]VcN − ΩcΨ
−2mβx2δϕ′N +
[
2mβx(ξ − 3− 2φ)−
√
6QΩc
]
xδϕN = 0 , (6.20)
V ′IN −
(
ξ + 3c2I
)
VIN −Ψ− c
2
I
1 + wI
δIN = 0 , (for I = b, r), (6.21)
δϕ′′N + (3− ξ + 2φ) δϕ′N +
[
cˆ2sK2 − ξ′ − 3ξ + ′φ + 2φ + (3− ξ)φ +
3
qs
(
λ2y˜2 +Q2Ωc
)]
δϕN
+3cˆ2sΦ
′ −Ψ′ − 2 (3 + φ) Ψ− mβ
qs
δ′cN +
√
6QΩc
2qsx
δcN = 0 , (6.22)
Ψ = −Φ , (6.23)
where we remind that the prime denotes the derivative with respect to N = ln a, and
cˆ2s = 1−
mβ
qs
. (6.24)
Equations (6.17)-(6.23) are written in the gauge-ready form, in that they can be used for any gauge choices of
interest. For example, if we choose the unitary gauge characterized by δφ = 0 and E = 0, the dynamical perturbations
correspond to the curvature perturbation R = Φ − δϕN and the density perturbations δρIu = δρIN − ρ˙IδφN/φ˙. We
can eliminate nondynamical variables like α, χ, and vI from the second-order action by using Eqs. (6.17)-(6.19).
Following a procedure similar to that performed in Refs. [62, 64] for perturbations deep inside the Hubble radius,
there are neither ghosts nor Laplacian instabilities for dynamical perturbations R and δρcu under the conditions,
qs = 1 + 2β > 0 , (6.25)
qc = 1 +
2mβx2
Ωc
> 0 , (6.26)
c2s = cˆ
2
s +
2β2m2x2
qs(2βmx2 + Ωc)
≥ 0 . (6.27)
15
In the limit that c2c → 0, the effective sound speed squared of CDM vanishes, so that there is no additional pressure
modifying the evolution of CDM density perturbations. The effective sound speed squared of the scalar field in the
small-scale limit corresponds to c2s given in Eq. (6.27). In comparison to the value cˆ
2
s, there is a correction to c
2
s arising
from a kinetic mixing between the scalar field and CDM [62, 64]. This correction term is positive under the no-ghost
conditions (6.25) and (6.26). Provided that cˆ2s ≥ 0, the positivity of c2s is always ensured.
In the following, we study the evolution of perturbations after the onset of φMDE. For this purpose, we ignore
the contribution of radiation perturbations to Eqs. (6.17)-(6.23) and set Ωr = 0. For CDM and baryons, Eq. (6.19)
reduces to
δ′IN +K2VIN + 3Φ′ = 0 , (6.28)
where I = c, b. The CDM velocity potential VcN satisfies the first-order differential Eq. (6.20), while the baryon
velocity potential VbN obeys
V ′bN − ξVbN −Ψ = 0 . (6.29)
Differentiating Eq. (6.28) with respect to N and using Eqs. (6.20) and (6.29), it follows that
δ′′cN + ν1δ
′
cN + ν2K2 + 3Φ′′ + 3ν1Φ′ = 0 , (6.30)
δ′′bN + (2 + ξ) δ
′
bN +K2Ψ + 3Φ′′ + 3 (2 + ξ) Φ′ = 0 , (6.31)
where
ν1 = 2 + ξ +
[2mβ(3 + 2φ)x+
√
6QΩc]x
Ωc + 2mβx2
, (6.32)
ν2 =
ΩcΨ + 2mβx
2δϕ′N + [2mβ(3− ξ + 2φ)x+
√
6QΩc]xδϕN
Ωc + 2mβx2
. (6.33)
Now, we employ the quasi-static approximation for perturbations deep inside the sound horizon [11, 93]. Since the
dominant contributions to the perturbation equations are those containing K2, δcN, δ′cN, and δbN, Eqs. (6.17), (6.22),
and (6.23) give the following relations,
Ψ = −Φ ' − 3
2K2 (ΩcδcN + ΩbδbN) , (6.34)
δϕN ' 1
qscˆ2sK2
(
mβδ′cN −
√
6QΩc
2x
δcN
)
. (6.35)
Under the quasi-static approximation, we can ignore the terms 3Φ′′, 3ν1Φ′, and 3 (2 + ξ) Φ′ in Eqs. (6.30) and (6.31)
relative to the others. Substituting Eqs. (6.34), (6.35) and the N derivative of Eq. (6.35) into Eqs. (6.30) and (6.31),
it follows that
δ′′cN + νδ
′
cN −
3
2G
(GccΩcδcN +GcbΩbδbN) ' 0 , (6.36)
δ′′bN + (2 + ξ) δ
′
bN −
3
2G
(GbcΩcδcN +GbbΩbδbN) ' 0 , (6.37)
where
ν =
2mβ(1 + 2β)(5 + ξ + 2φ)x
2 + (2 + ξ +
√
6Qx)[1 + (2−m)β]Ωc
2mβ(1 + 2β)x2 + Ωc[1 + (2−m)β] , (6.38)
and
Gcc =
1 + r1
1 + r2
G , Gcb =
1
1 + r2
G , (6.39)
Gbc = Gbb = G , (6.40)
with
r1 =
2Q[3QΩc +
√
6mβx(2 + φ +
√
6Qx)]
3Ωc[1 + (2−m)β] , (6.41)
r2 =
2mβ(1 + 2β)x2
Ωc[1 + (2−m)β] . (6.42)
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In the limit that β → 0, we have r1 = 2Q2 and r2 = 0, so that Gcc = (1 + 2Q2)G and Gcb = Gbc = Gbb = G. Since
Gcc is larger than G, the growth rate of δcN is larger than that for Q = 0. In the other limit Q→ 0, we have r1 = 0
and hence Gcc = Gcb = G/(1 + r2) and Gbc = Gbb = G. In this case, under the conditions (6.25)-(6.27), both Gcc
and Gcb are smaller than G for mβ > 0.
For the theories with β 6= 0 and Q 6= 0, Gcc can be either smaller or larger than G depending on the model
parameters. We note that Gcb is equivalent to Gcc in the limit Q→ 0.
During the φMDE, Gcc and Gcb are given, respectively, by
Gcc =
(
1 +
2Q2
1 + 2β
)
G , (6.43)
Gcb =
[
1− 4mβQ
2
3− 2Q2 + 6(2−m)β2 + {12− 3m+ (6m− 4)Q2}β
]
G . (6.44)
Under the condition (6.25), Gcc is larger than G.
A simple approximation valid at the present time for the small couplings |β|  1 and |Q|  1 is given by
Gcc '
(
1 + 2Q2 − 2βmx
2
Ωc
)
G , (6.45)
where we ignored the terms which are the products of β and Q. This shows how Gcc can be larger or smaller than G
depending on the coupling parameters.
On the fixed point (b) given by Eq. (5.17), Gcc reduces to
Gcc =
4(1 + 2β) + λ(2Q− λ)
1 + 2β
Q
λ
G , (6.46)
whereas Gcb vanishes. From Eq. (6.46), we have Gcc → 0 for Q → 0. If we impose the condition Gcc > 0 on the
future attractor point (b), we require that [4(1 + 2β) + λ(2Q− λ)]Q/λ > 0.
Since both Gcc and Gcb are different from G, this affects the evolution of δcN through Eq. (6.36). While both Gbc
and Gbb are equivalent to G, the modified evolution of δcN affects the growth of δbN through Eq. (6.37). To study
the evolution of total matter perturbations, we introduce the effective CDM background density ρˆc = (1 + f1)ρc =
eQφ/Mplρc and the perturbed gauge-invariant density δˆρcN = e
Qφ/Mpl(δρcN +QρcδφN/Mpl). The total matter density
contrast is given by
δm =
δˆρcN + δρbN
ρˆc + ρb
=
(
δcN +
√
6QxδϕN
) Ωc
Ωm
+ δbN
Ωb
Ωm
, (6.47)
where Ωm = Ωc + Ωb. For the perturbations deep inside the Hubble radius (K  1), Eq. (6.35) shows that the term√
6QxδϕN in Eq. (6.47) is negligibly small relative to δcN, so Eq. (6.47) reduces to δm ' δcNΩc/Ωm+ δbNΩb/Ωm. The
quantity related to the measurement of redshift-space distortions is f(z)σ8(z), where f = δ
′
m/δm is the growth rate
of matter perturbations that depends on the redshift z. On the critical points, f is constant and can be obtained
analytically, since all the coefficients of Eqs. (6.36) and (6.37) are constant. If we neglect the contribution of baryons
to Eq. (6.30), the value of f corresponding to the growing-mode solution is given by
f =
1
2
(√
ν2 + 6
Gcc
G
Ωc − ν
)
. (6.48)
For instance, f = 1 + 2Q2/qs during the φMDE. The matter growth rate is always larger than in standard general
relativity (f = 1), but, for β > 0, it is smaller than in a pure energy-exchange model with β = 0 and Q 6= 0. In
general, however, we need the numerical integration to know the precise evolution of δm at low redshifts, which we
describe next.
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FIG. 2. (Left) Evolution of Gcc/G versus the redshift z for λ = 1 in three different cases: (i) Q = 0.04, β = 0, m = 2, (ii)
Q = 0.04, β = 1, m = 2, and (iii) Q = 0.02, β = 0.5, m = 3. The background initial conditions are chosen to realize Ωφ ' 0.68,
Ωb ' 0.05, and Ωr ' 10−4 today. (Right) Evolution of fσ8 versus the redshift z for the three cases shown in the left panel.
Today’s values of σ8 and K are chosen to be σ8(z = 0) = 0.811 and K(z = 0) = 300, respectively.
In Fig. 2, we plot the evolution of Gcc/G (left) and fσ8 (right) versus the redshift z for λ = 1 in three different
cases: (i) Q = 0.04, β = 0, m = 2, (ii) Q = 0.04, β = 1, m = 2, and (iii) Q = 0.02, β = 0.5, m = 3. In these cases,
the background cosmology corresponds to the φMDE followed by the accelerated fixed point (b). In case (i), all the
terms associated with the coupling β disappear from the background and perturbation equations, so their dynamics
is the same as that of standard coupled quintessence with the exponential potential [43, 53]. Indeed, Gcc is equivalent
to (1 + 2Q2)G = 1.0032G in the simulation of Fig. 2, with Gcb = G.
In case (ii), the analytic estimations (6.43)-(6.46) show that Gcc = 1.0011G and Gcb = 0.9986G during the φMDE
and Gcc = 0.1477G on the accelerated point (b). In comparison to case (i), the existence of positive coupling β leads
to the smaller value of Gcc in φMDE, which is also confirmed numerically. At low redshifts, there is a transient period
during which Gcc gets larger than that in case (i). However, Gcc starts to be smaller than G around the redshift
z . 0.37 and it reaches today’s value 0.90G. Thus, even for Q 6= 0, the presence of positive coupling β can realize Gcc
smaller than G by today. In case (iii), the decrease of Gcc at low redshifts is even more significant relative to case
(ii). In this case, today’s values of CDM gravitational couplings are Gcc = 0.72G and Gcb = 0.65G with the future
asymptotic value Gcc = 0.070G.
As we observe in the right panel of Fig. 2, the decrease of Gcc less than G, which occurs in cases (ii) and (iii) at low
redshifts, leads to values of fσ8 smaller than that in case (i). This suppression of growth of δm is the consequence of
momentum transfer associated with the positive coupling β. The evolution of fσ8 depends on the couplings Q, β as
well as the model parameters m, λ. For Q close to 0, Gcc approaches Gcb = G/(1 + r2), which is in the range Gcb < G
for mβ > 0. In such cases, it is easy to realize a CDM gravitational interaction smaller than the Newton gravitational
constant. The nonvanishing coupling Q works to enhance Gcc, but the energy transfer is required for the existence of
φMDE.
We note that our interacting model with the φMDE is different from the early dark energy recently studied in
Ref. [94], in that the latter only modifies the background dynamics with the standard growth of matter perturbations.
In our model, the weak cosmic growth rate is realized by the momentum transfer, with the modified early background
dynamics by the energy transfer. Hence there is the possibility that the observational tensions of both σ8 and H0 are
relaxed. However, clearly, we need detailed Markov chain Monte Carlo simulations with the recent observational data
to see whether this is really the case or not.
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VII. CONCLUSIONS
In this paper, we studied the cosmological dynamics of interacting theories of dark energy and dark matter by
paying particular attention to the existence of a scaling φMDE. Our goal is not only to alleviate the H0 tension
problem by realizing the φMDE but also to ease the σ8 tension problem by achieving a weak gravitational interaction
on scales relevant to the growth of large-scale structures. It is possible to satisfy these two demands by considering
the interacting action (1.1) containing both energy and momentum transfers. The dependence of Z in the Lagrangian
f2(φ,X,Z), where Z = u
µ∇µφ quantifies the interaction between the CDM four velocity uµ and the scalar derivative
∇µφ, plays a crucial role for the realization of weak gravity.
In Sec. III, we derived the interacting Lagrangian allowing for the existence of scaling solutions which obey the
relation φ˙/H = constant. We showed that the corresponding Lagrangian is of the form (3.12), which contains two
arbitrary functions g1 and g2 with respect to Y1 = Xe
λφ/Mpl and Y2 = Ze
λφ/(2Mpl). In Sec. V, we identified the
scaling fixed point (a) as well as the other point (b) relevant to late-time cosmic acceleration, without fixing concrete
forms of g1 and g2. We also found that, for models given by the functions (4.28) and (4.29), there exists the scaling
φMDE satisfying the relation weff = Ωφ = 2Q
2/(3qs). Thus, for the existence of φMDE, we require a nonvanishing
coupling constant Q associated with the energy transfer.
In Sec. V, we studied the background cosmology for a concrete model given by the interacting Lagrangian (5.3).
We showed the existence of φMDE preceded by the radiation fixed point (5.19). As long as the two conditions (5.20)
and (5.23) are satisfied, the φMDE is followed by the stable fixed point (5.17) with cosmic acceleration. As we observe
in Fig. 1, the field equation of state wφ is close to 1 in the deep matter era and it approaches the asymptotic value
wφ = −1 +λ2/(3qs) after the temporary approach to −1 at low redshifts. This background dynamics is distinguished
from the coupled dark energy scenario with the momentum transfer alone [64].
In Sec. VI, we explored the dynamics of cosmological perturbations for the same interacting model studied in Sec. V.
We derived the full linear perturbation equations of motion and applied the quasi-static approximation to the modes
deep inside the sound horizon. Under this approximation scheme, the effective gravitational couplings for CDM and
baryon density contrasts are given by Eqs. (6.39) and (6.40), respectively. We showed that, depending on model
parameters, both Gcc and Gcb can be smaller than G at low redshifts, while satisfying conditions for the absence of
ghosts and Laplacian instabilities. The weak gravitational interaction of CDM leads to the suppression of growth rate
of total matter density contrast δm. As we observe in Fig. 2, this property is attributed to the momentum transfer
arising from the coupling β (2X)
1−m/2
Zm.
We thus showed that the coupled dark energy and dark matter scenario with both energy and momentum exchanges
offers an interesting possibility for realizing the φMDE as well as the weak gravitational interaction at low redshifts.
The next step is to investigate whether the concrete interacting model proposed in this paper can alleviate the problems
of H0 and σ8 tensions present in the ΛCDM model. Since the Lagrangian (5.3) contains additional model parameters
with respect to those in ΛCDM, one might expect that our model is hardly better than the ΛCDM from the Bayesian
statistical point of view. However, it is known that there are dynamical dark energy models that are comparable with
ΛCDM from the point of view of Bayesian statistics, even with more than three additional free parameters [34]. The
detailed observational constraint on our interacting dark energy model is left for a future publication.
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APPENDIX: PHASE SPACE FOR A SIMPLIFIED CASE
In this Appendix, we express the dynamical Eqs. (4.4)-(4.5) in terms of the dimensionless variables x, y, and Ωm
for the scaling Lagrangian (3.12) containing the functions (3.7) and (3.11). In doing so, we use the unit Mpl = 1 and
notations gi,j = ∂gi/∂Yj and gi,jk = ∂
2gi/∂Yj∂Yk, where i = 1, 2. Then, the autonomous equations are given by
x′ =
√
6g1
(
x2Γ2 +
√
6g2xy
4 +Qy4Ωm
)−√6ΩmΓ1
2Ωm
(
Γ¯1 + y2g1,1
)− 2g1 (x2Γ¯2 + 5x2y2g2,1 + 2√2xy3g2,2 + g2y4) + 3xΘ2g1y2 , (7.1)
y′ =
3Θ−√6g1λxy2
2g1y
, (7.2)
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FIG. 3. Phase-space analysis for the same model parameters as those used in Fig. 1, but with neither baryons nor radiation
(Ωb = 0 and Ωr = 0). The φMDE saddle point and the final accelerated attractor are denoted as c and b, respectively.
where
Γi = λx
2(Γ¯i + y
2gi,1) +Aiy
2(ygi,2 +
√
2xgi,1) , (7.3)
Γ¯i = 2x
2gi,11 + 2
√
2xygi,12 + y
2gi,22 , (7.4)
A1 =
√
2Qx−
√
3wm , (7.5)
A2 =
√
2λx+
√
3 , (7.6)
Θ = g1
[√
2x3yg2,2 + 2g2x
2y2 + y2 (wm + 1) Ωm + 2x
4g2,1
]
− xΩm
(
2xg1,1 +
√
2yg1,2
)
, (7.7)
and
Ωm =
g1
(
2x4g2,1 +
√
2x3yg2,2 + g2x
2y2 − y2)
x
(
2xg1,1 +
√
2yg1,2
)− g1y2 . (7.8)
Let us consider the model given by the functions (5.1) and (5.2). For the perfect fluid, we only take into account
CDM with wm = 0. Then, the autonomous Eqs. (7.1) and (7.2) reduce to
x′ =
3
2
x
(
2qsx
2 − 2 + Ωm
)
+
√
6
2qs
(
λy˜2 −QΩm
)
, (7.9)
y˜′ =
1
2
y˜
(
6qsx
2 −
√
6λx+ 3Ωm
)
, (7.10)
where y˜ is defined by Eq. (5.5), and Ωm = 1 − qsx2 − y˜2. The dynamical system (7.9)-(7.10) contains the scaling
solution (a) characterized by fixed point (xc, yc) = (
√
6/[2(Q + λ)],
√
[2Q(Q+ λ) + 3qs]/[2(Q+ λ)2]). Besides this,
there are also the fixed point (b) and the φMDE (c) whose values of xc, yc, Ωφ, weff are the same as those given in
Eqs. (5.17) and (5.18), respectively. We also have the kinetic points (d1) and (d2), but they are relevant to neither
matter-dominated nor accelerated epochs. As long as the two conditions (5.20) and (5.23) are satisfied, the φMDE is
followed by point (b) with cosmic acceleration [instead of the scaling solution (a)]. In Fig. 3, we can confirm that, for
the model parameters used in Fig. 1, the solutions converge to the attractor point (b).
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